We present new abelian partial difference sets and amorphic group schemes of both Latin square type and negative Latin square type in certain abelian p-groups. Our method is to construct what we call pseudo-quadratic bent functions and use them in place of quadratic forms. We also discuss a connection between strongly regular bent functions and amorphic group schemes.
Introduction
A d-class association scheme (X; R 0 , R 1 , . . . , R d ) is a finite set X together with a partition R 0 , R 1 , . . . , R d of X × X such that (i) R 0 = {(x, x) | x ∈ X}; (ii) R i := {(y, x) | (x, y) ∈ R i } ∈ {R 1 , R 2 , . . . , R d } for all i = 1, 2, . . . , d; (iii) there are non-negative integers p k i,j , i, j, k = 0, 1, . . . , d, such that for any (x, y) ∈ R k the number of z ∈ X with (x, z) ∈ R i and (z, y) ∈ R j is p k i,j .
schemes are necessarily commutative. We call a scheme (X; R 0 , R 1 , . . . , R d ) a group scheme if X is a group and (xg, yg) ∈ R i whenever (x, y) ∈ R i for all g ∈ X and all i = 0, . Such a subring is also known as a Schur ring of G [29] and it is the Bose-Mesner ring of the scheme. Conversely, every Schur ring of G gives rise to a group scheme of G and such a scheme will be simply denoted by (G; D 0 , D 1 , . . . , D d ). For more general discussions of association schemes, we suggest the reader to consult [1, 2, 6, 19] . An association scheme (X; R 0 , R 1 , . . . , R d ) is said to be amorphic if for any partition S 0 , S 1 , . . . , S e of X × X with S 0 = R 0 and each S i being a union of some R j 's for all i = 1, 2, . . . , e, (X; S 0 , S 1 , . . . , S e ) is also an association scheme. When d > 2, such a scheme must be symmetric and, therefore, commutative.
Given a symmetric association scheme (X; R 0 , R 1 , . . . , R d ), each subset R i of X × X can be considered as the edge set of a graph Γ i whose vertex set is X. Hence a symmetric association scheme can be regarded as an edge-decomposition Non-regular partial difference sets, i.e. partial difference sets containing the identity of G, can be similarly defined. The reader can find more details on strongly regular graphs in [6, 19] and on partial difference sets in [29] .
A strongly regular graph with parameters
for some integers n and r is called a strongly regular graph with Latin square type parameters. When n and r are both positive, the strongly regular graph is known to be of Latin square type, and when n and r are both negative, negative Latin square type. We will take advantage of the fact that the parameters of these strongly regular graphs are determined by integers n and r and simply call a strongly regular graph having parameters (1) an (n, r)-Latin square type strongly regular graph or (n, r)-negative Latin square type strongly regular graph depending on whether n and r are positive or negative. We will do the same for partial difference sets having parameters (1). For example, given an positive integer r, a (4r 2 , 2r 2 − r, r 2 − r)-Hadamard difference set fixed by inversion in a finite group G of order 4r 2 is a (2r, r)-Latin square type partial difference set while its complement is a (−2r, −r)-negative Latin square type partial difference set in G. On the other hand, given an odd positive integer n, an 
The only known constructions of negative Latin square type abelian amorphic group schemes of 3 or more classes in non-elementary abelian groups are for some abelian 2-groups or 3-groups [14, 32] . In this paper we construct new negative Latin square type partial difference sets and abelian amorphic group schemes in nonelementary abelian p-groups for all primes p. Our method is to use what we call pseudo-quadratic bent functions as substitutes for quadratic forms, which is derived from a character theory-based idea.
Character sum is a powerful tool in the study of partial difference sets in abelian groups and was introduced into difference set community by Turyn [38] . A character on a finite abelian group G is a homomorphism from the group to the complex numbers of modulus 1. The principal character is the one whose values are 1 on all the elements of G, and any other character is called non-principal. One can naturally extend a character on G to a homomorphism of the group ring Z 
The term bent function was introduced by Rothaus [35] for |H | = 2. Bent functions were studied in detail by Dillon in [15, 16] and generalized by Kumar, Scholtz and Welch in [26] . Our definition of bent functions is taken from [10] based upon their connection with splitting semi-regular relative difference sets (see [4] for details). By the Fourier inversion formula, one has
Lemma 2.1 A function f : G → H from an abelian group G to an abelian group H with |G|/|H | an integer is a bent function if and only if for each character χ of G and each non-principal character
We will use certain kinds of bent functions to construct partial difference sets of both Latin square type and negative Latin square type and amorphic association schemes, particularly, those related to quadratic forms.
Quadratic forms have been used for constructing partial difference sets of both Latin square type and negative Latin square type (see [7, 29] ) and amorphic association schemes [14, 18] . Let q be a power of a prime. We denote the field of q elements by
A quadratic form Q is said to be non-degenerate if B(x, y) = 0 for all y ∈ F d q implies x = 0. A simple fact about non-degenerate quadratic forms is that
non-degenerate if and only if Q is a bent function.
Proposition 2.2 is a direct consequence of Lemma 4.5 in [10] . We will call a nondegenerate quadratic form over F q a quadratic bent function over F q .
In this paper, we are only interested in quadratic bent functions on an even dimensional vector space over F q . Every quadratic bent function Q :
q , where Q is a quadratic bent function on a two dimensional subspace of F 2m q . If Q is equivalent to x 2m−1 x 2m , then Q is said to be hyperbolic. Otherwise, Q is irreducible and Q is said to be elliptic. The following results concerning quadratic bent functions are well known, among which Proposition 2.3 can be proved (see [8] ) using a method due to Minkowski [30] , and the second part of both Propositions 2.4 and 2.5 can be easily derived from Proposition 2.3. Many partial difference sets of Latin square type, negative Latin square type and amorphic association schemes are constructed from quadratic bent functions. In all these constructions, the partial difference sets are always full pre-images under quadratic bent functions of subsets of F q . The type of difference set so obtained, Latin square type or negative Latin square type, depends only on the type of quadratic bent function, hyperbolic or elliptic, and does not depend on the subset in F q . Also, all these sets in F q seem to be universal, meaning that their pre-images under all quadratic bent functions of even dimension are partial difference sets. This observation leads us to the following definition of quadratic Latin subsets and quadratic amorphic partitions of finite fields, as well as pseudo-quadratic bent functions given in next section. 
The following are some examples of quadratic amorphic partitions of F q which can be used with pseudo-quadratic bent functions in place of quadratic bent functions to obtain amorphic group schemes.
Example 2.9 ( [7, 29] ) For every prime power q, {F * q } is a quadratic amorphic partition of F * q .
Example 2.10 ( [7, 29] ) If q is odd, we denote by S q the set of all squares in F * q and N q the set of all non-squares in F * q . Then {S q , N q } is a quadratic amorphic partition of F * q when q is odd.
Example 2.11 ([5] ) Let F q be a subfield of F q and α ∈ F * q . We define H 1 (α) = {x ∈ F q | tr q/q (αx) = 0 and x = 0} and 10 and C 20 be the subgroups of index q + 1 and q 2 n + 1, respectively, in F * q 2 m+n . Then C 10 , C 20 = S q 2 m+n and S q 2 m+n is the union of (q + 1)/2 cosets of C 10 and N q 2 m+n is the union of (q 2 n + 1)/2 cosets of C 20 . Therefore there is a quadratic amorphic partition
that consists of (q + 1)/2 cosets of C 10 and (q 2 n + 1)/2 cosets of C 20 .
. . , D t } be the quadratic amorphic partition of F * q l as described in Example 2.14. Define A i = {x ∈ F q | tr q/q i (x) = 0 and tr q/q i+1 (x) = 0} for i = 0, 1, 2, . .
Remark 2.17
Among the examples of quadratic amorphic partitions given here, Examples 2.9, 2.10, and 2.13 are the basic ones and all others can be derived from these three using Theorems 1.1 and 1.2. Example 2.11 was first discovered by Brouwer in [5] and it can now be easily derived from Theorem 1.2 , Proposition 2.5 and Examples 2.10. Example 2.12 is a direct consequence of Theorem 1.3, Proposition 2.5 and Example 2.9. Example 2.13 was first proved in [14] for n = 1 and generalized in [18] to all positive integers n. It is interesting to note that, as pointed out in [40] , the cyclotomic partitions in Example 2.13 are precisely the ones that themselves are amorphic cyclotomic schemes, which was proved in [3] 
Pseudo-quadratic bent functions
In this section we study what we call pseudo-quadratic bent functions.
Definition 3.1 Let G be an abelian group such that |G| is a square and √ |G|/q is an integer. We call a function P : G → F q with P (0) = 0 a pseudo-quadratic bent function if there is a quadratic bent function Q : F 2m q → F q for some positive integer m such that (i) for each non-principal character χ of G, there is a non-principal character χ of
If a function P : G → F q and a quadratic bent function Q : F 2m → F satisfy Definition 3.1, by Lemma 2.1 and Proposition 2.2, P is a bent function and we say that the pseudo-quadratic bent function P is modeled on the quadratic bent function Q. Every quadratic bent function is a pseudo-quadratic bent function modeled on itself. We call P a hyperbolic pseudo-quadratic bent function if Q is hyperbolic, or an elliptic pseudo-quadratic bent function if Q is elliptic.
Propositions 2.4, 2.5 and 2.8 can be easily generalized from quadratic bent functions to pseudo-quadratic bent functions with some simple applications of characters of finite abelian groups. 
Proposition 3.2 If
is an amorphic group scheme. Proposition 3.2 enables us to construct a large number of pseudo-quadratic bent functions from just a few examples and Proposition 3.4 allows us to produce new partial difference sets and amorphic association schemes in new abelian groups by applying pseudo-quadratic bent functions to Examples 2.9-2.16.
In order to facilitate a better understanding of pseudo-quadratic bent functions, let us take a closer look at such functions P : G → F q when q is small. Specifically, we want to determine when a bent function P : G → F q is a pseudo-quadratic bent functions for q = 2, 3, 4. This requires the following definition of regularity of a bent function, which is a simple modification of some existing definitions in the literature (see [22, 36] for instance and references therein). Definition 3.5 A bent function f : G → H between two abelian groups G and H is said to be strongly regular if f (0) = 0 and there is a constant ε = ±1 and a function f : G → H , where G is the group of characters of G, such thatf (0) = 0, where0 is the principal character of G, and for every character χ ∈ G and every non-principal character φ of H ,
We will call f hyperbolic if ε = 1 or elliptic if ε = −1.
The following proposition is an immediate consequence of the definition. Simple calculation shows thatf : G → H is also a strongly regular bent function andf (x) = f (−x). When G is an elementary abelian p-group and H = F p , the regular p-ary bent functions f : G → H (see [22] ) with f (0) = 0 are precisely hyperbolic strongly regular bent functions, and weakly regular p-ary bent functions f : G → H with μ = −1 and f (0) = 0 are precisely elliptic strongly regular bent functions. These functions and their connection with strongly regular graphs are studied by Tan, Pott and Feng in [36] . The following theorem gives a generalization of Theorem 1 in [36] and puts most of constructions in [32] in the context of strongly regular bent functions. for every character χ ∈ G and every non-principal character φ of H , which is equivalent to
for every character χ ∈ G and every non-principal character φ of H . Therefore, for every fixed χ ∈ G,
where δ χ,0 is the Kronecker δ-symbol, in the group ring Z[H ]. We can then find all χ(f −1 (y)) for all χ ∈ G and y ∈ H , which shows that f −1 (y) is a ( √ |G|, √ |G|/|H |)-Latin square type partial difference set for every y ∈ H \ {0} and Theorem 3.7 shows that strongly regular bent functions are equivalent to those amorphic group schemes studied in [32] and Proposition 3.6 is an equivalent form of Theorem 2.1-2.3 in [32] . Results in Chen, Ray-Chaudhuri and Xiang [11] , Hou, Leung and Xiang [23] and Leung and Ma [27] can now also be rephrased in terms of strongly regular bent functions. Remark 3.10 In Proposition 3.9, (i) is a consequence of results in [27] and [32] while (ii) is contained in [23] which improves a result in [11] . Elliptic strongly regular bent functions in (iii) are obtained in [13] and hyperbolic strongly regular bent functions in (iii) can be constructed from cyclic subgroups of order 4 in Z 2 4 , i.e. the partial congruence partition construction. It is very likely that the partial difference sets constructed by Hou [20, 21] can also be obtained from Proposition 3.6 and 3.9.
By Examples 2.9, 2.10 and 2.13, Theorem 3.7 shows that quadratic bent functions Q : F 2m q → F q are strongly regular bent functions when q 4, i.e. every one element subset of F * q is a quadratic Latin set when q 4. Proposition 3.4 implies the following characterization of pseudo-quadratic bent function P : G → F q for q 4. Proof The fact that pseudo-quadratic bent functions are strongly regular when q 4 follows rather easily from Example 2.9, 2.10 and 2.13, Proposition 3.4 and Theorem 3.7. On the other hand, if P : G → F q is a strongly regular bent function for some q 4, then it clearly satisfies all conditions in the definition of pseudo-quadratic bent functions except (i). In order to show that P also satisfies (i), one observes that for every non-principal character χ of G,
and it is independent of |G|. Therefore P is modeled on every quadratic bent function Q : F 2m q → F q of the same type, i.e. hyperbolic or elliptic, for any integer m > 1. Hence P is pseudo-quadratic.
Using constructions of Dillon [17] , Chen [9] and a product construction of Turyn [37] , we have the following proposition. 
Proposition 3.12 Let
By (i) in Proposition 3.9, there is a hyperbolic strongly regular bent function P : When q > 4, quadratic bent functions and pseudo-quadratic bent functions are no longer strongly regular. There are no known pseudo-quadratic bent functions P : G → F q other than quadratic bent functions for q > 4. In the remainder of this section, we present a hyperbolic pseudo-quadratic bent function P : Z 2n p 2 → F q , where q = p n , for every prime p and every positive integer n.
Let V = F q × F q be a two dimensional vector space over F q . Let Q : V → F q be the hyperbolic quadratic bent function Q(x, y) = xy. For each α ∈ F q , let A α = Q −1 (α) ⊆ V . Let H 0 be an 1-dimensional F q -subspace contained in A 0 . Our pseudoquadratic bent function P will be modeled on Q.
Let W = Z 2n p 2 and π : W → V be a surjective homomorphism. Let H 0 , H 1 , . . . , H q be the q + 1 1-dimensional subspaces of V with H 0 as specified above. We will also denote E(W ) by K 0 . Note that H 0 ⊆ A 0 while K 0 ⊆ B 0 .
We now show that the character sums of B α have striking resemblance to that of A α for all α ∈ F q .
Lemma 3.15
The sizes |A α | = q − 1 for all α ∈ F q \ {0}, and |A 0 | = 2q − 1. If χ is a non-principal character of V which is principal on H 0 , then χ(A α ) = −1 for all α ∈ F q \ {0} and χ(A 0 ) = q − 1.
The sizes |B α | = q 3 − q for all α ∈ F q \ {0}, and |B 0 | = q 3 + q 2 − q. If χ is a nonprincipal character of W , then there is a non-principal character χ of V such that χ(B α ) = qχ (A α ) for all α ∈ F q . In particular, if the non-principal character χ of W is principal on K 0 , then χ(B α ) = −q for all α ∈ F q \ {0} and χ(B 0 ) = q(q − 1).
Proof Statements concerning A α , α ∈ F q , are easy to verify and we leave them to the reader. The sizes of B α , α ∈ F q , are also easy to check. We now examine the character values of B α , α ∈ F q , for non-principal characters of W .
Let χ be a non-principal character of W . When χ is non-principal on K 0 = E(W ), since the kernels Ker(π 0 ), Ker(π 1 ), . . . , Ker(π q ) form a spread of K 0 , χ must be principal on exactly one, say Ker(π i ) for some 0 i q, of those kernels and nonprincipal on the rest. This implies that χ(π 
